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Abstract: Working with statistical data from real contexts has become fundamental in school-level
statistics, because it enables the development of statistical reasoning. In this regard, the notion
of the random variable is fundamental to statistical data analysis. Thus, the aim of this research
was to characterise the meanings of the concept of the random variable that are promoted in the
Chilean mathematics curriculum for secondary education. To achieve this, we examined the rep-
resentativeness of the meanings of the random variable intended by the curriculum in relation to
the meanings of reference for this concept, using theoretical and methodological notions from the
onto-semiotic approach. The findings show that the meanings of reference were not fully represented
in the textbooks and the national curriculum, and that the most promoted meaning was that of the
random variable as a variable of interest. Regarding the types of representation, it was observed
that the graphical and tabular representations were neglected. Lastly, it was noticed that definitions
of the concept of variable, its classifications, and differences were omitted almost entirely from
the textbooks.

Keywords: random variable; mathematics task; textbooks; meanings; statistics education

1. Random Variable as a Fundamental Idea

The advances in science and technology, the exponential growth in data collection
systems, and a globalised world that bombards its citizens with information through
figures and graphs daily have generated the need for new analytic tools that could help
people with the interpretation of the information surrounding them. A key tool in this
process is so-called statistical literacy. Batanero [1] explains that statistics have played a
fundamental role in the development of modern society, because they have provided a
battery of methodological tools to analyse variability, the relationships among variables,
the design of studies and experiments, and to improve the predictions that are needed
to make decisions in situations of uncertainty. Due to the foregoing points, the need for
statistically literate citizens has become an objective for the leaders of diverse nations, who
have promoted the incorporation of statistics and probability in formal education. In this
sense, researchers and teachers have contributed to defining the curricular lines that allow
these topics to be addressed. The teaching of stochastic ideas throughout the education
process began to be conceived by Bruner (1959; cited in [2]), who, in September 1959, at
the Woods Hole Conference, proposed the idea of a spiral curriculum consisting of a series
of possibly fundamental ideas to teach at different levels of complexity, from preschool
to university. Years later, Heitele [3] boldly proposed 10 fundamental stochastic ideas,
based on psychological and epistemological reflections. These were expressions of belief,
the probability field, independence, the addition rule, equidistribution and symmetry,
combinatorics, urn model and simulation, the stochastic variable, the law of large numbers,
and the sample.
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Heitele established the random variable as a fundamental idea from three perspec-
tives: the epistemological perspective, which plays a basic role in the mathematisation of
probability throughout history; the psychological perspective, in which the intuition of
magnitudes when chance is involved arises earlier than that of the random experiment; as
an explanatory model, which plays a key role in three aspects—its distribution, expectancy
and the operations between random variables.

Kachapova and Kachapov [4] identified some of the misconceptions of students about
the random variable. For example, the ideas that a random variable X is any real-valued
function in the sample space, any random variable is discrete or continuous, and thinking of
a continuous random variable as a variable with a continuous distribution function, because
the condition of continuity of the distribution function is necessary but not sufficient.

Some studies on the random variable have focused on showing examples of activities
that promote the idea of the discrete random variable [5,6], whereas others deal with the
conceptual understanding of the idea of the random variable and the connections or links
with other concepts, such as estimators, parameters, probability distribution, sampling
distribution, unbiased estimators, and expected values [7]. There are also studies that
propose activities in which it is necessary for students to have prior knowledge about
the random variable for the study of probability distributions (such as binomial, normal
and exponential), and framed within them the characteristics of the binomial random
variable [8-10]. Likewise, in the task of constructing double-entry tables, Gea, Gossa,
Batanero and Pallauta [11] identified that prospective teachers had problems in identifying
the variables. Gea, Batanero, Arteaga and Estepa [12] indicate that students often confuse
independent and dependent variables when performing regression analyses.

Nevertheless, even when the importance of the random variable is well-known, how
do the mathematics curriculums and textbooks address the study of this notion? The
aim of this article is to present the results of a research project that had the objective of
characterising the meanings of the random variable that are expected and promoted by the
Chilean mathematics curriculum (understood as the duo <Plans of study, textbooks>), as
well as the representativeness of those meanings regarding the reference meaning of the
random variable.

2. Theoretical Framework

The present work uses some of the theoretical-methodological notions from the
onto-semiotic approach (OSA) of mathematical cognition and instruction. To study a
mathematical concept, it is necessary to comprehend its characteristics, scopes and fields
of action, among other elements which it might comprise, in order to gain a deeper
understanding of that which is intended to be observed. It is necessary to know the
meaning of such mathematical objects. It is possible to determine the meaning or meanings
of a given mathematical object by its historical development through time [13]. In this
sense, Pino-Fan, Godino and Font [14] propose that the reference meaning is understood
as the systems of practices that are used as a reference to elaborate the meanings that are
intended to be included in a process of study. For a concrete educational institution, the
reference meaning will be a part of the holistic meaning of the mathematical object.

In the OSA, the notion of mathematical practice is of great relevance and refers to any
performance or manifestation (verbal, graphic, etc.) that is carried out by someone in order
to solve mathematical problems, to communicate the solution to others, to validate the
solution, and to generalise it to other contexts and problems [15] (p. 334). The practices can
be idiosyncratic of a person (personal practices) or shared within an institution (institutional
practices). Furthermore, from the systems of practices (operational and discursive), at least
six primary mathematical objects emerge [16,17]. In the OSA, the anthropological premise
of the socio-epistemic relativity of the system of practices (the emergent objects and the
meaning) is assumed. Thus, the meaning of a mathematical object is understood as the
system of practices that a person performs (personal meaning) or that is shared in the heart
of an.institution (institutional meaning) to solve a type of situation or problem.

www.manaraa.com



Mathematics 2021, 9, 2435

30f26

Pino-Fan, Godino and Font [14] indicate that the holistic meaning of reference is
defined on the basis of two notions. The first is global meaning, comprising several
partial meanings of the mathematical object that have associated epistemic configurations
(situations/problems, linguistic elements, concepts/definitions, properties/propositions,
procedures and arguments) that are mobilised when solving certain problem situations, in
given historical problems, and that gave rise to the emergence, evolution, formalisation
and generalisation of a given mathematical object. The second notion is the reference
meaning, which is understood as the systems of practices that are used as a reference for
the meanings that are intended to be included in a process of a study; in this sense, the
reference meaning will be part of the global meaning of the mathematical object—in this
case, the random variable.

In mathematics education, the importance and complexity of representations in teach-
ing and learning processes is well known [18-20]. The importance and complexity lie in
the mathematical objects to be represented and their meanings. Then, if the representations
attend to the complexity of the mathematical object and its diverse meanings, the same
mathematical object can admit different representations (geometric, algebraic, graphic,
and so on). Furthermore, it is recognised that it is possible to change the representation
by substituting it for another in the same semiotic register, and move between different
representations; this is implied by a change in the semiotic register [18].

2.1. Reference Meaning of the Random Variable

According to the study of diverse historical stages of the random variable evolution
carried out by different authors [2,3,21,22], the mathematical object variable is the result of
numerous generalisations made over a development of more than 800 years. Based on this,
it is possible to identify four meanings of the random variable, which are described below.

2.1.1. Meaning 1: The Random Variable as a Variable of Interest

One of the first problem areas in which the idea of random variable is observed is
the one linked with games of chance. The more formal mathematical analysis of them has
appeared in relatively recent times [23]. The ideas depicted in these works are not very
formal, as the existence of variables or distributions in a general form is not mentioned.
Nevertheless, variables are defined for cases, and in certain cases, their distributions are
considered. Different mathematicians were attracted by the problem of estimating the
equitable wager in the game of chance, which led them to implicitly consider random
variables and distribution. In modern terms, their main interest was the mathematical
expectation of the variable. Such was the case of Fournival, Cardano or Galileo, who,
motivated by their interest to find the best wager in games of chance, were devoted to
study the possible outcomes for rolling three dice [24]. At a later stage, Pascal and Fermat
started with the probability theory in search of the solution for the equitable wager. Further
on, Huygens manifested the need to think about a variable of study, that is to say, a variable
of interest in consideration of the context. In the analysis of his solution, Huygens makes
the needed variable to analyse explicit: “In the first place we must consider the number of
Games still wanting to (win) either Party” [25] (p. 4), which he situates in the context of
the problem.

2.1.2. Meaning 2: Random Variable as Magnitude

De Moivre [26] established a change regarding previous books of probability. Latin
began to be replaced by writing in or simultaneously translating into English or the native
language of the author, which meant that a specialised vocabulary would develop faster
by working with a living language. Furthermore, he presented a different conceptual
approach, in which he clearly separated the probability of an outcome from its value or the
expectation. In his third edition, the author [26] established the paradigm of mathematical
probability, leaving behind the philosophical problems and forming the theoretical basis to
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all his propositions [27]. This paradigm can also be observed in the work of Jacob Bernoulli
from 1713 [28].

According to Pearson [29], De Moivre wrote the first treatment of the probability
integral and the essence of the normal curve, contributing with diverse tools for the field
of probability. In that age, scientists used the idea of variables connected with the study
of mathematical analysis. It was commonly called quantity or variable magnitude, which
evidenced its character linked with measurement, a process in which the quality could take
different values.

2.1.3. Meaning 3: Random Variable as Statistical Variable

In parallel to the evolution of the probability theory through the resolution of game
problems, the birth of statistics emerged through the gathering and description of social or
economic data. From the beginning of time, humanity has had a need to perform counts
and representations that may be classified as simple statistical recounts. The need to know
and plan, in the sense of understanding what is at hand and making that information
accessible and manageable to make decisions, has prompted politicians, traders, and
militaries to conduct increasingly complex censuses and counting.

Thus, the statistical variable is associated with the observation and description of a
sample from a dataset. Following this idea, Rios [30] proposed that the statistical variable
describes the set of values obtained in the data by performing an experiment a concrete n
number of times; then, if we consider a random experiment S and make a certain # number
of tests relative to the same, we obtain a set of observations called the random sample of
extension n. This set of results will provide a statistical table in which certain values of
the variable correspond to certain frequencies. As such “variable, that only represents
the n results of n executions of the S random experiment will be referred as statistical
variable” [30] (p. 70).

2.1.4. Meaning 4: Random Variable as a Function

Hawkins, Jolliffe and Glickman [31] consider the concept of random variable as a
function with numerical values of which the domain is a sample space. Borovcnik, Bentz
and Kapadia [32] indicate that a variable is random when its value is determined as a result
of a random experiment; they also establish that to characterise a random variable, we
need to know the set of all its possible results and the probabilities associated with each
of them.

Then, a random variable is defined as a function of the sample space E in the set of real
numbers R. Not any function can be a random variable. It is necessary that for each interval
I, the set should be an event of the sample space, and thus, should have a well-defined
probability. This guarantees that the random variable would carry the P probability that is
defined over the E sample space to the real line.

On the basis of that, Ortiz [22] identified the following elements of the meaning of the
random variable (RV) as a function:

RV 1: The random variable takes its values depending on the results of a random experiment;
RV 2: It is a function of the sample space in R;
RV 3: It is characterised through the distribution of probability, along with the values
that it takes with its probability;

e RV 4: Itis required that for each I interval of R, the original set would be the event of
the sample space;
RV 5: A random variable defines a measurement of probability over the set of real numbers;
RV 6: For each random variable X;, we can define a function of distribution in the
following way: (1) R: [0,1] and (2) x: F(x) = P(¢ < x);

e RV 7: The function of distribution of a random variable is a real function of real
variable, monotonous non-decrescent;

e RV 8: The function of distribution of a random variable determines on a biunivocal
form of the distribution of probability;
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e RV O9: Let (x, p;) i € I be the distribution of probability of a discrete random variable.
The mean or mathematical expectation is defined as E[{] = }_; < 1 x;, p;- This concept
expands the idea of median in a random variable;

RV 10: The mode is the most likely value of the variable;

RV 11: The median is the value of the variable by which the function of distribution
takes the 1/2 value. Then, the probability that one random variable would take a
value lower than or equal to the median is exactly 1/2.

3. Methodological Aspects of the Study

The sample selected corresponded to a secondary school mathematics textbook in
Chile. Secondary education in Chile considers four levels, from 7th Grade (12 years old)
to 10th Grade (15 years old). Each year, the Chilean Ministry of Education (MINEDUC)
provides textbooks for free to all the students from public institutions. The elaboration of
such textbooks is awarded on a tender basis; thus, throughout secondary education, it is
observed that different editorials oversee the elaboration of them, as we can see in Figure 1.

- Editorial Zig - Zag [:| Editorial SM
I:I Editorial Santillana |:| Editorial Cal

Math ’- 20| 3 | 4| 50| 6| 70| 8 | 1°EM | 2°EM -4°EM

HiStOl’y‘ 1° 20 30 4° 50 6° 70 8° 1°EM | 2°EM | 3°EM | 4°EM

\ A J
Y Y

Basic Education Middle Education

Figure 1. Representation of the editorials in charge of the edition of textbooks in Chile for each
educational level (Source: Prepared by the authors).

For the purposes of the present work, textbooks from secondary education were
selected. Particularly, the mathematics textbooks of 7th, 8th, 9th, and 10th Grade, and 8th
and 11th grade history textbooks were analysed because of the relationship between the
axis of statistics and probability with the objectives set by the history subject around the
development of skills such as critical thinking.

The mathematics included in the curriculum for grades 7-10 is cross-curricular in
secondary education, whereas the mathematics declared for grades 11 and 12 are differenti-
ated according to the specialisation selected by the student. These specialisations mean that
some students will take mathematics subjects in greater depth, which is why we considered
it appropriate to analyse grades 11 and 12 in a second stage.

Each of the tasks present in the texts and programmes of study was extracted and
subjected to a thorough analysis. First, we identified general elements such as the source
document, educational level, and page number, among others. Consequently, we moved
towards the identification of the primary elements present in them (and in their solutions),
such as the working context, the type of variable used, and the types of representations
that are put into play. Lastly, we completed the analysis by associating the problem/task
and the practice used to solve it with a reference meaning of the random variable and a
typology of problems (only for those tasks linked to meaning M4, random variable as a
function). A summary of this process is given in Figure 2.
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Figure 2. Process of task/problem analysis (Source: Prepared by the authors).
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Support Interface for Analysis

To facilitate the process of recording information and subsequent analysis, for this
research, we created an interface that allowed us to visualise the images of the tasks, assign
categories of analysis in a predefined way, and assign observations at the same time, in an
orderly way, and which record was automatically stored in a database that we could easily
link to statistical software. Figure 3 shows the interface created. In this case, FVA stands
for Funcion Variable Aleatoria (random variable as a function, in Spanish).

PoSTGRADOS 1 et ANALISIS
NATEVATCN UI.AGOS "VARIABLE ALEATORIA" BpppAan

Objetivo de Aprendizaje

Curso [7°Basico || Asignatura Matematicalv| C63i80de N Inciso 13 | Pdginadedocumento 289
Contexto |Ciencias Naturales y Biolégicas a Significado |$3: Como Variable estadistica E] Tipo de Variable Discreta 3
[ater 2 I — > uobl REPRESENTACIONES UTILIZADAS

En los mismos trios del taller anterior analicen la siguiente situacion:

oo s " i e Cinical - trmoa Emergene
hay dos especies de peces. - B 7. cartedad de mdroccn, obye :
Bk Qv soeow g e (O ﬁ iy g Tabular [¥] [simbslica <] [verbal ~
ulnios peces hay en ol enel e i
1300, Paa el extrae distints &
oo e ——
Por qué deben extraer muestras para saber la cantidad que hay de cada
expeciede pez?
2. Los resultados obtenidos en cada Especie A | Especie B
muestra son los de 1 tabla. Wy % | % |
iEs relevante el tamano de ks muestra M2 | som | som
para determinar el porcentaje de peces. M3 L) 0%
en el lago?
Justifiquen su respuesta
La muesta de sopeces
fon los peces al Lago. A continuacion se presentan 1os fesultados.
[vzrelsle[re]e|o Noodie wpeimmio i
Especie A EE) 2 2 PRI
Sarixiaialsinininiziale) . oom——
é por 3 peces de pe
Exphiquen su procedimiento.
Como funcion | Como variable estadistica | Como magnitud | Como variable de interes |
El les del significado "Como funcién” » | El ts of the ing of the random variable (RV) as a function
Ovar  Ova Ovas Ovas Ovas O vae Ovar
vas DOvas  Ovaro O van O f
- Ll 2 " 8 9 "
Tipologias de problemas significado "como funcién” Typolog"’ of - ) As a cti
a : : . i e o .
RVALDsterminas by (estbeciOn Je pyobeoitiad s ma i je FVA1: Determine the probability distribution of a variable
[ FVA2: Determinar la probabilidad de que una variable aleatoria tomo un valor determinado. FVA2: Determine the probability that a random variable takes a certain value
O FVA3: Dadana Nsta de kit o v cules FVA3: Given a list of random variables, decide if they are qualitative or
son discretas y continuas. quantitafive and which ones are discrete and continuous
[ FVA4: Rep g la de pi d de una variable aleatoria FVAA4: Represent graphically the probability distribution of a random variable
TR — . FVAS5: From the graphical representation, find the probability distribution
: Pillh' @ la represent lon ca, hallarla ucion de prol El . . o 03 . . o . . .
- o o o : - o g FVAé: Obtain the distribution function given the probability distribution
FYAS: Obtenacia flmcidel e disteftmacidn dada s distiticitn de peobibititad FVA7: Obtain any of the values of central position, mean, median or position
[J FVA7: Obtener alguno de los valores de posicién central, media, mediana o moda o de dispersién values
FVAS: Dada ibucién d i i verifica los axiomas de probabilidad . PR A T gt o~ .
o SR e G FVA8: Given a probability distribution check if it verifies the probability axioms
[ FVA9: Calcular el valor de la variable aleatoria al que corresponde una cierta probabilidad FVA9: Calculate the value of the random variable to which a certain
[ FVA10: Operaciones entre variables Pmbobll"y comspond‘

FVA10: Operations between variables

Observaciones \

Figure 3. Analysis interface (Source: Prepared by the authors).

The input fields considered both in the user interface and in the database were elab-
orated on the basis of the flow chart presented above in Figure 2. The records entered
through the interface were stored in a database, which can be seen in Figure 4.
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Grade Subject Task Subsection Document page Context Meaning Variable type
Id Curso - Asignatura - Problema Inciso - Paginaded - Contexto Significado + Tipode Vari ~
ﬂ 7" Basico Matemitica Tareal todos 280 Sin contexto Problema sin Clasificacion
31 7* Bdsico Matemdtica Tarea2 a-g 282 Observacion e interpretacion a partir de encuentas S$1: Como variable de interés Mixta
32 7* Basico Matematica Tarea3 ayb 282 Observacion e interpretacion a partir de encuentas $3: Como Variable estadistica Discreta
33 7° Basico Matemitica Tarea4 a-d 282 Observacion e Interpretacion a partir de encuentas $3: Como Variable estadistica Discreta
34 7° Basico Matematica Tareas ayb 283 Sin contexto Problema sin Clasificacion Continua
35 7* Basico Matematica Tarea6 a 283 Observacion e interpretacion a partir de encuentas S$1: Como variable de interés Discreta
36 7° Basico Matemdtica Tarea7 ayb 283 Observacion e interpretacion a partir de encuentas S1: Como variable de interés Discreta
37 7" Basico Matemadtica Tarea8 1-2 284 Observacion e interpretacion a partir de encuentas $1: Como variable de interés Discreta
38 7" Basico Matematica Tarea9 14 285 Observacion e interpretacion a partir de encuentas $3: Como Variable estadistica
39 7° Basico Matemadtica  conclusién de seccién 285 Sin contexto
40 7* Basico Matematica Tarea 10 286 Sin contexto $1: Como variable de interés Mixta
42 7* Basico Matemdtica Tareall 286 Censos y Registros $3: Como Variable estadistica Discreta
43 7° Basico Matematica Tareal2 a-j 287 Sin contexto S1: Como variable de interés Mixta
44 7* Basico Matematica Tarea 13 287 Observacion e interpretacion a partir de encuentas $1: Como variable de interés Mixta
45 7* Basico Matematica Tarea 14 287 Observacidn e Interpretacion a partir de encuentas S$1: Como variable de interés Discreta
46 7° Basico Matematica Tarea 15 ayc 287 Observacion e interpretacion a partir de encuentas S1: Como variable de interés Discreta
47 7° Basico Matematica Tarea 16 -3 289 Ciencias Naturales y Bioldgicas $3: Como Variable estadistica Discreta
43 7° Basico Matemidtica  Conclusidn de seccion 0
50 7* Basico Matematica Tarea 17 a-h 290 Intramatematico Problema sin Clasificacion
51 7° Basico Matematica Tarea 18 ayb 290 Observacion e interpretacion a partir de encuestas Problema sin Clasificacion Discreta
52 7* Basico Matemdtica Tarea 19 a-c 290 Observacién e interpretacion a partir de encuentas S1: Como variable de interés Mixta
53 7° Basico Matematica Tarea 20 a-d 290 Sin contexto Problema sin Clasificacion
54 7° Basico Matemdtica Tarea 21 a 290 Observacion e interpretacion a partir de encuentas $3: Como Variable estadistica Discreta
55 7° Bdsico Matemadtica Tarea 22 291 Ciencias Naturales y Bioldgicas $3: Como Variable estadistica Discreta
56 7° Basico Matematica Tarea 23 291 Observacion e interpretacion a partir de encuentas 5$3: Como Variable estadistica Discreta
57 7* Basico Matemidtica Tarea 24 291 Juegos de Azar $3: Como Variable estadistica Discreta
58 7° Basico Matematica Tarea 25 1y2 291 Sin contexto S3: Como Variable estadistica
59 7° Basico Matematica Tarea 26 1y2 291 Observacion e interpretacion a partir de encuentas $3: Como Variable estadistica Mixta
60 7° Basico Matemdtica Tarea 27 292 Censosy Registros $3: Como Variable estadistica Discreta -
Registro: 1 1de792  » ¥ Buscar ‘1 ’

Figure 4. Database with analysis records (Source: Prepared by the authors).

4. Analysis and Results

Based on the plans of study and the mathematics and history textbook suggested
by the curriculum framework, we conducted an analysis of how the random variable is
approached in the Chilean secondary school mathematics curriculum. We have divided
the analysis and results into four sections. In the first section, we present the analysis of the
meanings that are promoted in the tasks proposed in the textbooks. These meanings are as
follows: (M1) as a variable of interest; (M2) as a magnitude; (M3) as a statistical variable;
and (M4) as a function. In the second section, we detail the types of representations
activated or expected to be activated by the task/problem proposed in the textbook, which
may be verbal, graphic, symbolic, tabular, or iconic. In the third section, the types of
variables intended to be promoted are shown. Finally, in the fourth section, we categorise
the context (areas of application): (a) gambling, (b) census and registration, (c) natural and
biological sciences, (d) physics and astronomy, (e) observation and interpretation from
surveys, (f) intramathematical-formal, and (g) intramathematical.

In particular, due to space constraints, we will provide the results relating to 10th
Grade. Regarding the structure of the documents analysed, the programme of study (PS)
for secondary school mathematics proposed by the Chilean Ministry of Education [33]
is divided into four Units, each one associated with a thematic axes: Numbers, Algebra
and Functions, Geometry, and Probability and Statistics. The random variable notion is
addressed in Unit 4, which is related to the thematic axis of Probability and Statistics. In this
unit, there are three expected learning outcomes, and for each expected learning outcome,
there are a set of assessment indicators. For its part, the text for the students presents
the study of elements related to the random variable in Unit 4 entitled “Statistics and
Probability”. This unit is divided into three sections, and in turn, each section is divided
into lessons, highlighting among them Section 2 called “random variable”. On the other
hand, the history book presents five units, which are, in turn, divided into sections. The
numbers of tasks extracted from each of the documents were 175, 24 and 24, respectively,
making a total of 225 tasks analysed for the school level mentioned above.

www.manaraa.com



Mathematics 2021, 9, 2435

9 of 26

Document Section

Math Text Lesson 9: Counting Techniques

Lesson 10: Random Variable

Lesson 11: Probabilities

Synthesis and Final Evaluation

OA 10: Show understanding of finite random

Study
program

variables

to compute event probabilities and solve problems
OA 12: Show that they understand the role of
probability in society.

History Lesson 1: Totalitarian crisis and war

Text

Lesson 2: Chile in the 1st half of the 20th century

Lesson 3: Chile and the world during the Cold War

Lesson 4: Breakdown of democracy and the military

dictatorship

Lesson 5: Political transition of democracy in Chile

Meaning

OA 11: Use permutations and simple combinatorics

4.1. Meanings
Figure 5 shows the distribution of meanings across the documents studied.

0% 20% 40% 60% 80% 100%

| MT1: As variable of interest Percentage of the number of questions analysed (%)
] M3: As statistical variable

B M4: As a function
[ Unclassified problem

Figure 5. Percentage distribution of meanings in texts and programme of study (Source: Prepared by the authors).

As mentioned, the tasks linked to the meaning M1 random variable as a variable of
interest are ranked first in both the textbook and the programme of study with 54.24% (96)
and 75% (18), respectively. An example of that type of task can be seen in Figure 6.

A teacher distributes his students in rows in the room, so that each row
has 6 seats. If in total there are 7 rows, in how many different ways
can the first row be formed?

Figure 6. Example of task meaning M1 as a variable of interest (Adapted from [34] (p. 260)).

The tendency presented in the mathematics textbooks is not replicated in the tasks
analysed in the history texts, in which it was possible to appreciate tasks linked to the
meaning M3, random variable as a statistical variable, in 75% (18) of the tasks analysed.
An example of this type of task is shown in Figure 7, where it is requested to establish links
between the data observed in the graphs and historical processes.
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Analyse the following graphs and then answer the questions that are posed in your notebook.

3. Analiza los siguientes graficos y luego responde en tu cuaderno las preguntas que se plantean.

The following
graph shows
a comparison
between the
evolution of
unemployment
and global
industrial
production.

Recurso 91 (fuente estadistica) Recurso 92 (fuente estadistica)
| El siguiente grafico muestra una comparacién Este gréfico representa una comparacién del pro-
entre la evolucién del desempleo y la produccion ducto nacional bruto (PNB) de varios paises.
industrial mundiales. 300 The following
[ Produccion industral [l Desempl PO graph shows
200 260 // a comparison
l between the
260 - evolution of
l l . e / e unemployment
- '\____.._-——‘// ..\i""» and world
. l l T - g P it
150 s /:mﬁ production
:é ,4
2 Base 100=1913
100 Base 100-1929)
50
50
w9 wa was was w7 w9
190 Lo i oy Fuente: S. Pollard, Siglo XX
Fuente: A. Brancati, Fare storia, 1988 Los cambios econdmicos. R[qm':u v I""I"":“- 1001.
N v

. Compara los gréficos: jqué tipo de gréficos son?, ;qué representan sus ejes?
b. ;Qué fases o procesos histéricos se pueden observar en la evolucién de los datos de los gréficos? Delimita las

distintas fases y describe cada una de ellas considerando su contexto histérico.
{Cudles fueron las consecuencias sociales y politicas de la situacion econémica expresada en los graficos?

a. Compare the graphs: what kind of graphs are they? What do their axes represent?

b. What historical phases or processes can be observed in the evolution of the chart data? Delimit the 300
different phases and describe each of them considering its historical context.

c. What were the social and political ¢ quences of the ic situation expressed in the graphs?

Figure 7. Example of task meaning M3 as a statistical variable (Adapted from [35] (p. 73)).

One aspect that was observed at this level, in contrast to the other levels analysed (7th
to 9th Grade), is the appearance of the meaning M4 variable as a function, in the student’s
mathematics text with 17.51% (31) and in the programme of study with a presence of 13%
(3). An example of this type of task is presented in Figure 8, where explicit use is made of
the random variable concept.

For the experiment "flip 4 coins simultaneously”, define the random variable X:
number of stamps obtained.

a. What values can X take?

b. What is the domain of the random variable X2

c. Determine the events corresponding to X = 3. How many possible cases are
there?

d. What are the events for which X = 12 How could you describe?

e. In which cases is 1< X < 32 Explain.

Figure 8. Example of task meaning M4 as a function (Adapted from [34] p. 260).

This activity can be classified as problem type SVA2 (Determine the probability that
a random variable takes a certain value), according to the problem typology proposed
by Ortiz [18]. Table 1 shows the classification by type of problem of the tasks in the
textbooks analysed.
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Table 1. Classification by type of problem (Source: Prepared by the authors).

Typology of Problem Count of Task
SVA1: Determine the probability distribution of a random variable 2
SVA1: Determine the probability distribution of a random variable + SVA2: Determine the 8
probability that a random variable takes a certain value
SVALI: Determine the probability distribution of a random variable + SVA4: Graphically represent the 5
probability distribution of a random variable

SVA1: Determine the probability distribution of a random variable + SVA6: Obtain the probability 1
distribution function

SVA2: Determine the probability that a random variable takes a certain value 6

SVA2: Determine the probability that a random variable takes a certain value + SVA4: Graphically 1

represent the probability distribution of a random variable
SVA2: Determine the probability that a random variable takes a certain value + SVA5: From the ’
graphical representation, find the probability distribution
SVA2: Determine the probability that a random variable takes a certain value + SVA6: Obtain the 4
probability distribution function

SVA4: Graph the probability distribution of a random variable 2

SVA4: Graph the probability distribution of a random variable + SVA6: Obtain the probability 1
distribution function

SVAb5: From the graphical representation, find the probability distribution 1

SVAG6: Obtain the probability distribution function 4

4.1.1. Meaning Development by Educational Level

The trend observed in 10th grade mathematics textbooks and programmes of study is
repeated at the other educational levels where the presentation of tasks corresponding to
the meaning M1 as a variable of interest, and M3 as a statistical variable, are prioritised, as
shown in Figure 9. At a general level among the textbooks and curriculum, it was possible
to determine that the M1 meaning of the random variable as a variable of interest, was
present in 55.7% (463) of the tasks analysed, followed by the M3 meaning as a statistical
variable with 24.9% (207), whereas the M4 meaning of the random variable as a function
was present in only 4.09% (34) of the tasks, and with respect to the M2 meaning of the
random variable as a magnitude, it was not possible to identify tasks that mobilised it, an
aspect that is important to study in greater depth.

The observed results represent an advance in relation to the findings of Ortiz [22],
which showed a scarce presence of vocabulary related to random variables, with the use of
it rather implicit or of low depth; however, in the documents observed in our study, explicit
use of the concept of random variable in definitions as well as in tasks can be discerned.
However, some considerations must be added to these advances: (1) there is a tendency
towards the use of tasks of meaning 1 (M1), random variable as variable of interest, over
other meanings, which could limit the development of a more holistic meaning by students,
which could allow them a better transition towards concepts such as the central limit
theorem; (2) the type of task presented in the history texts in relation to the type of meaning
and context could represent a contribution to the axis of probability and statistics, and in
particular to the work with random variables, which opens an interesting field of study;
(3) it was not possible to appreciate tasks related to meaning 2 (M2), random variable as
a magnitude, which is linked to the idea of statistical error from a more intuitive idea
of measurement; this could cause some difficulties in students considering that the new
curricular bases proposed in the 10th and 11th level concepts such as hypothesis testing
and confidence intervals, in which the understanding of the idea of error could facilitate
the interpretation of results.
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Grade
Document 7th 8th 9th 10th

68’ 9%

Math Text

f):;:fam s 7 15 @ 2% (0 v @

History Text 7@© 6 '

Meaning

M1: As variable of interest
[ M3: As statistical variable
B M4: As a function
[ Unclassified problem

Figure 9. Presence of meanings by the level of education (Source: Prepared by the authors).

4.2. Representations

We identify the types of representations (verbal, graphic, symbolic, tabular or iconic)
activated or expected to be activated by each task/problem. Furthermore, a distinction
is made between initial representation, which we understand as the representations that
the learner (or a subject) must initially interpret and decode in order to understand and
approach the task; emergent representation is understood as that which emerges as part
of the subjects’ responses (or responses that are expected to emerge, if viewed from an
institutional point of view). Depending on the type of task, it is possible that in addition
to a prior and an emergent representation, a transient one may emerge. The transitional
representation is the one through which the learner needs to pass before sketching the
emergent representation.

We found 19 kinds of tasks which arise from the various possible combinations of
initial, transient and emergent representation types; however, it is possible to classify them
into three groups in relation to their structure, as shown in Figure 10:
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Group1 Group 2
Initial Same type of representation _ Emergent Initial Different type of representation Emergent
el (without transitory representation) R Hpes (without transitory representation) . L
Group 3
with use of transitory representation
—p — —p
Initial Transitory Emergent
type A type B type A/C

Figure 10. Task groups in relation to the transit of representations (Source: Prepared by the authors).

An example of a group 1 task is shown in Figure 11, where a symbolic representation
is provided in the initial statement, and the student is asked to provide a response that
activates a symbolic representation.

B Asi, se define la funcién de probabilidad de la variable aleato-
ria como P(X = x) para cada valor posible de x. Completa:

PX=3)=075=3 y
PX=2)=0.25-075=-3 Thus, the probability function of the random variable is
S R ) defined as P (X = x) for every possible value of x.
a. PX=1=___ Complete:
b. P(X=0) =
c. PIX=-2)=

Figure 11. Example of group 1 task: symbolic-symbolic (Adapted from [34] (p. 279)).

Figure 12 shows an example of a group 2 task where symbolic representation is
provided in the initial statement, and the learner is asked to provide a response that
activates a verbal representation.

4. Gladys works on quality control of a batch of screws.

To do this, she consecutively removes 5 screws from each box and
records if they are damaged or in good condition.

a. Determine the random variable X: number of bolts in good
condition.

b. Describe in words the following events:

e X=4

e X=0

e 1<X<4

Figure 12. Example of task group 2: symbolic-verbal (Adapted from [34] (p. 276)).

Figure 13 shows an example of a group 3 task where a graphical representation is
provided in the initial statement and the student is asked to provide a response that
prompts a verbal representation; however, to do so, the student must transition from

the graphical to the tabular and from the tabular to a response in the verbal register, as
indicated in the task instruction.

Ol Ll Zyl_i.lbl
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Analyze the graph and complete the

1. Analiza el graficoy completa la tabla. Luego, responde. =9 table. Then answer.

Probabilidad de la variable Y

0.35 Y, PlY=y,)
0,30 1
0,25
0,20 3
0,15
0.10 0,20
0,05

0

=y|]

PlY

Y

a. ;Cual es el recorrido de la variable aleatoria Y?—| @. What is the path of the random variable Y2

b. ;Cual es la probabilidad de que Y = 57 =g b. What is the probability of Y = 52

c. iExisten valores de la variable que tengan la misma probabilidad de ocurrir?

| c. Are there values of the variable that are equally

likely to occur?

Figure 13. Example of task group 2: graphical-verbal (Adapted from [34] (p. 285)).

Table 2 shows the frequencies of initial, transitional, and emergent representations
mobilised in the 10th grade mathematics and history curriculum and textbooks.

Table 2. Type of representations mobilised in 10th grade tasks (Source: Prepared by the authors).

Type of Representation

Moment Document
Verbal Graphical Iconic Symbolic Tabular Mixed

Mathematics textbook 155 7 3 8 4 -
Initial Programme of study 24 - - - - -
History textbook - 6 - - 4 14
Mathematics textbook 1 - - 28 2 -
Transitory Programme of study - 1 - 14 1 -
History textbook - - - - - -
Mathematics textbook 154 6 - 17 - -
Emergent Programme of study 20 - - 4 - -
History textbook 24 - - - - -

Some aspects to highlight, regarding the type of representations, are that the tasks
belonging to group 3, i.e., those that require some type of transitory representation, opt-
for symbolic representation in 89% (29) of the cases because the instruction given to the
students usually includes the performance of some type of calculation. These findings
coincide with the study conducted by Alvarado and Segura [36], which mentions that the
most used representations for presenting sampling distributions in classic and modern
textbooks for engineering are notations and symbols. In mathematics textbooks, the
graphical and tabular component is worked on to a low extent, whereas in history texts,
this type of representation is prioritised both individually and in a mixed way, i.e., both
types at the same time. An example of a task with mixed representation can be seen in
Figure 14.
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Recursos 43 y 44 (fuentes estadisticas)

Las s fuentes muestran algunos datos demograficos de la poblacién chi
lena tad del siglo XX

The following sources show some demographic data of the

Chilean population before the first half of the 20th century.

Urbon ond s Poblacién urbana y rural de Chile (1920-1952)
rural
Afo Poblacién .
population o T % | Poblaciénrural | % | Poblacién total 1. ;Por qué crees que se produjo un descenso sostenido de la mortalidad in-
. i ?
of Chile 1920 1723552 | 464 1991335 536 3714887 fantil hasta 19501
1930 2119221 494 2168224 506 4287 445 2. ;Qué relacion se puede establecer entre el aumento de la poblacién urbana
1940 2639311 525 2384228 475 5023539 y el proceso de industrializacion? ;Por qué el porcentaje de poblacion rural
1952 3573122 6022 2359873 398 5932 995 comienza a disminuir en esos afos?
3. ;Quéimpacto habran tenido las transformaciones anteriores en la vida coti-
Infant | s Tasa de mortalidad infantil (1915-1950) diana de las personas que vivieron durante este periodo?
mortality 300
rate 2 1. Why do you think there was a sustained decline in infant
200 mortality until 19502
150 2. What relationship can be established between the increase
100 in urban population and the industrialisation process? Why
© did the percentage of the rural population begin to
decrease in those years?
0k + + + + + + + +
1915 1920 1925 1930 1935 1940 1945 1950 3. What impact will the previous transformations have had on
) the daily lives of the people who lived during this period?
wwwine.cl

Figure 14. Example of initial mixed representation task (Adapted from [35] (p. 106)).

4.2.1. Presence of Representations by Educational Level

At the general level in the textbooks and curriculum, the possible combinations
between initial, emergent, and transient types of representations gave rise to 38 types of
tasks which were possible to categorise into the three groups mentioned and exemplified
previously. Nevertheless, it seems relevant to us to show the presence of the types of
initial, emerging, and transitory representations mobilised throughout the levels analysed,
which is why, in Table 3, it is possible to observe the initial and emerging representations
for each educational level as well as the existing transitory representations, identified by
the colours indicated on the labels. It is observed that throughout the four educational
levels, the initial and transitory representations are mostly of the verbal type, whereas the
initial representations of the graphical type only reach 11.6% (97) of the cases analysed, and
10.83% (90) of the tabular type. If we observe the emerging representations of the graphical
type, they were only requested in 4.5% (38) and tabular representations in 0.8% (7). As for
transitory representations, these are requested in 27.67% (230) of the cases analysed, and of
these cases, 15.21% (35) correspond to graphical type, 14.75% (34) correspond to tabular,
whereas 66.95% correspond to symbolic.

In addition to the low representativeness of tasks related to the graphic area, worrying
aspects were observed in the 7th, and 8th grade levels, such as the poor use of labels on
graphs indicating frequencies or percentages, which results in students not really enhancing
their work with graphs, because displaying the information symbolically on them makes it
unnecessary to work with the axes and therefore with the graph itself; examples of this can
be seen in Figure 15.

Regarding the representations, a positive aspect to highlight in the history texts is
that even though the number of tasks extracted is not so significant in terms of quantity;,
they are significant in terms of their richness regarding the types of representations used
in the graphical tabular area and the combination of these with other types, as in the case
shown in Figure 16. In this figure, a graphical representation is explicitly linked to other
verbal representations, and the student is asked to establish connections between the two
in order to draw conclusions. These results could be similar to those obtained by Alvarado
and Segura [36] in textbooks related to administration and economics, in which symbolic
language was promoted alongside graphical language.
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Table 3. Presence of types of representations (Source: Prepared by the authors).

Emergent Representation/Grade
Graph Symbolic Tabular Verbal
7th 8th 9th 10th 7th 8th 9th 10th 7th 8th 7th 8th 9th 10th

Initial Transitory Rep-

Document Representation resentation

Without
Mixed transitory 2
representation

Without
transitory 1 2 1 1 23 37 8 4
representation

Graph Symbolic 1
Tabular 3 1 1
Verbal 1

Without
transitory 1 1 5 19 4 2
representation

Symbolic 4 9
Tabular 1

Without
transitory 3 1 6 5 6 1 9 14 4 2
Math Text Symbolic representation

Iconic

Symbolic 2

Without
transitory 3 1 1 1 1 1 27 13 5 2
representation

Tabular Graph 5 5 4
Symbolic 1 1 7 4 1
Verbal 2

Without
transitory 6 3 9 4 8 5 120 37 28 118
representation

Graph 1 4 1
Verbal Iconic
Symbolic 3 14 23 21 24
Tabular 1 2 15 1 1
Verbal 1

Without
transitory 1 1 3 2
representation

Graph Graph 1
Symbolic 2
Tabular 1 1

Without
transitory 1 3 3
Iconic representation

Symbolic 1 1

Study Without
Program transitory 1
representation
Tabular

Graph 1
Symbolic 1 2

Without
transitory 1 2 3 7 4 1 6 1 2 4
representation

Graph 5 7 1
Iconic 1
Symbolic 1 6 2 8 14
Tabular 2 1 1 1 1

Verbal
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P g g e " &
Calculate percentages on a graph o 9 ‘." s Chile 5 g to their 3 )

1. Based on the information in each graph, calculate the .IOCIO.CCOHOMIC level, with a population of 15,116,435 inhabitants
percentage of students per course who attended a vocational talk. in Chile.

b. Porcentajes de habitantes en Chile de '
acuerdo a su nivel socioeconémico, con una
poblacién de 15116435 habitantes en Chile.

Calcular porcentajes en un gréfico ‘

o A partir de la informacién de cada gréfico, calcula el porcenta-
je de alumnos por curso que asistieron a una charla vocacional.

(2 puntos) Fuente: www.adimark.cl, Censo 2002.
a. ( y . - Percentages of
- Porcentaje de habitantes en Chile de acuerdo a inhabitants in
They did nivel socioecondmico Chile according
not attend N R
o their
348% i
level
30
Frequency § i 203%
of people > §
10
B Q@ G D E
Nivel socioeconémico
| They attended I They did \ J
not attend | Socioeconomic level I

()

(b)

Figure 15. (a) Example of misuse of label, 8th Grade (Adapted from [37] (p. 290)); (b) Example misuse of label, 7th Grade
(Adapted from [38] (p. 294)).

| Eurooean trade in the 16th and 17th centuries |

Comercio europeo en los siglos XVI y XVII

en Espania, 1501-1650. Madrid: Critica.

1000000 2000000 3000000 4000000 5000000
Kilos
* Hamilton, E. (2000). £l tesoro americano y la revolucién de los precios

Challenge 1

DLfb:. 31

P | und d the
of conquest of America
a. What relationship can you

ic effects

’
Comprendo los efectos econémicos de la

conquista de América

a. (Qué relacién puedes establecer entre el grafi-

establish between the graph
and what was raised by Hamilton
and Vilar?

o y lo planteado por Hamilton y por Vilar?

|

Milltiples factores afectan los precios

“{Es exacto -y en el caso de que asf sea, como y
cudndo- que la llegada de metales preciosos a Se-
villa, cuya importancia para el alza de precios y el
desarrollo del comercio en la propia Espafia acaba-
mos de ver, tuvo también repercusiones en Europa?

El problema es complejo:

1° porque otros factores, ademds de los metales (y,
antes que los metales americanos, a plata ale-
mana), pudieron hacer subir los precios en Euro-
pa sin que sea obligado explicar el aumento por
el oro de América;

2° porque los aumentos no han sido netos, ni sobre
todo iguales, en todos los pafses;

3° finalmente, porque al haber ‘manipulado’ muchos
pafses, durante la primera mitad del siglo XVI, sus
monedas internas (..) dificilmente se puede saber
si los aumentos de precios estén en relacién con
estas manipulaciones o con el oro de América”.

Vilar, P. (1974). Oro y moneda en la historia. 1450-1920.
Barcelona: Ariel.

[ec2 ) Revolucion de los precios
“A principios del siglo XVI, se produjo en Espafia
una tendencia a la subida de precios, primero y ms
rapidamente en Andalucia, en donde la subida con-
tinu6 durante cien afios, con practicamente todos los
maximos y minimos por encima de afios anteriores.
(...) La principal causa de la revolucién de los precios
(...) fue el gran aumento de la oferta monetaria (...),
la subida explosiva de la produccion de plata tras la
conquistas de México y Peri; el descubrimiento de
las fabulosas minas de Zacatecas, Guanajuato y Poto-
si, y la introduccion del proceso de amalgamacién de
mercurio en la minerfa a mediados del siglo XVI fue
lo que generd la revolucion de los precios”.
Hamilton, E. (2000). El tesoro americano y la revolucién de
los precios en Espafia, 1501-1650. Madrid: Critica.

>

Multiple factors affect prices

“It is accurate - and if so, how and

when - that the arrival of precious metals in Seville, whose
importance for the rise in prices and the development of
trade in Spain itself we have just to see, it also had
repercussions in Europe?

The problem is complex:

1 because other factors, in addition to metals (and, before
American metals, German silver), were able to drive up
prices in Evrope

without being obliged to explain the increase by the gold of
America.

2 because the increases have not been net, nor over all the
same, in all countries.

3 finally, because having 'manipulated’ many

countries, during the first half of the sixteenth century, their
internal currencies (...) you can hardly tell if price increases
are in relation to

these manipulations or with the gold of America”.

Vilar, P. (1974). Gold and currency in history. 14501920
Barcelona: Ariel.

Price revolufion

“At the beginning of the 16th century, it was produced in Spain a trend of rising prices, first and foremost quickly in Andalusia,
where the climb continued for o hundred years, with virtually all highs and lows above previous years. (...) The main couse of the
price revolution (...) Was the great increase in the money supply (...), the explosive rise in silver production after the conquests of
Mexico and Peru; the discovery of the fabulous mines of Zacatecas, Guanajuato and Potos, and the introduction of the amalgamation
process of mercury in the miner in the mid-sixteenth century was which generated the price revolution”.

Hamilton, E. (2000). The American Treasury and the Revolution of prices in Spain, 1501-1650. Madrid: Criticism

al mixed representation, 8th Grade (Adapted from [39] (p. 104)).
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All the aspects mentioned in this section are of great importance because interpret-
ing the information presented in the different types of representations (verbal, graphic,
symbolic, tabular or iconic) and ‘converting’ it to another type of representation to solve
the activity accounts for statistical reasoning [40]. According to Wild and Pfannkuch [41],
one of the foundations for statistical reasoning is transnumeration, the general idea of
which is to form and change representations of data to generate system understanding.
This requires: (a) capturing measurements from the original system, (b) changing data
representations, and (c) communicating messages with the data. In other words, what
these authors propose is that through a process of transnumeration, we can reinterpret or
obtain new information through various representations in the hope that these will convey
a new meaning of the data.

4.3. Types of Variables

Given the discrete or continuous character that the random variable can take and the
role of these variables in the type of treatment to be given to solve each problem/task,
it is essential to identify the types of variables present in the proposed tasks and their
relationship with the meanings of reference.

It was observed that both the textbook and the mathematics programme of study most
frequently use discrete variables in the tasks they propose. This was reflected in 63.28%
(112) and 87.50% (21) of the cases, respectively, whereas the history text opted for the use of
continuous variables in 62.50% (15) of the cases, a percentage far removed from the 8.33%
and 1.69% observed in the mathematics curriculum and textbook, respectively. Table 4
presents a summary of the types of variables that were identified in the tasks proposed in
each learning objective, section and lesson.

Table 4. Types of variables mobilised in the 10th grade tasks (Source: Prepared by the authors).

Types of Variables
Document Undefined Continuous Discrete Mixed
History textbook 15 6 3
Mathematics Textbook 26 3 112 36
Programme of study 1 2 21

It should be noted that in 14.69% of the tasks analysed in the mathematics text, the
type of variable was classified as undefined since the type of variable to be used is not made
explicit because it is subject to the students’ choice. Figure 17 presents an example of a task
where the variable is not specified and is classified as undefined.

2. Suppose the next Davis Cup match is played in Chile.
a) What aspects do you think should be taken care of in the delivery of
information to do it seriously? Explain.
b) If one of the games was played in the capital of your region, what
aspects would be relevant to hold the match?

Figure 17. Example of a task with undefined variable (Adapted from [34] (p. 297)).

Presence of Variable Types by Educational Level

Again, the trend observed in the 10th Grade was replicated throughout the four levels
analysed, as can be seen in Figure 18. In general, in the texts and curriculum analysed,
44.64% (371) of the tasks work with discrete variables, whereas only 16.12% of the tasks
work with continuous variables.
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Grade
Document 7th 8th 9th 10th

Math Text

Study
program

History Text * ”

Variable Type

B Undefined
- Continuous
. Discrete
B Mixed

Figure 18. Presence of types of variable types (Source: Prepared by the authors).

These findings could be a warning in consideration of research such as that of Hawkins,
Joliffe and Glickman [31], who describe that among the errors made by university students
in their first statistics courses is the approximation of a binomial distribution by the normal
distribution, which is due to the failure to differentiate between the discrete and the
continuous. On the other hand, Kachapova and Kachapov [4] strengthen this idea by
commenting that some students’” misconceptions about probability relate to continuous
random variables, which constitute a more difficult subject than discrete random variables.
One of the misconceptions is to define a continuous random variable as a variable with a
set of countable values.

4.4. Contexts

The random variable has been present in almost all the history of probability and
statistics; however, it is only in relatively recent years that it has explicitly come to the fore.
Its development has been linked to various areas of knowledge such as physics, astronomy,
gambling, and others.
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The following contexts (areas of application) arise from the documentary analyses,
carried out for our research, on the historical development of the random variable, and we
use them to analyse and categorise the tasks/problems: (a) games of chance, considering
any task related to dice, cards, coins, bag drawing and others; (b) censuses and records,
considering any task related to counting a population and its characteristics; (c) natural
and biological sciences, considering any task related to the environment, health, flora and
fauna; (d) physics and astronomy, with which all tasks related to stars and physical processes
such as sound, speed, among others, are considered; (e) observation and interpretation
from surveys, which considers all tasks related to the interpretation of data from non-
determined surveys of a particular population and whose size is smaller than that of a
census—also considered here are the recording of data in matches of different types of
sport; (f) economics, which considers all tasks related to economic and political aspects;
(g) formal, considering a task whose context is the use of axioms and formal definitions of
the variable; (h) intramathematical, considering those tasks in which the use of previously
seen notions is presented through a pseudo-application, in the sense that it is applied but
to a fictitious situation, only to mobilise mathematical knowledge; and (i) without context.

Table 5 shows a summary of the historical contexts of the random variable observed
in the tasks proposed throughout each section and lesson of Unit 4, which corresponds to
the thematic axis of Probability and Statistics.

Table 5. Types of contexts mobilised in the 10th grade tasks (Source: Prepared by the authors).

Context M;:Ete;?’ ztlics Progsr;rlr;r;le of History Textbook
Census and registers 17 - 10
Natural and biological sciences 6 1 -
Economy - 1 14
Physics and Astronomy - 1 -
Formal 1 - -
Intramathematical 16 - -
Games of Chance 45 7 -
Observation and interpretation 86 14
from surveys
Without context 6 - -

From this analysis, the presence of the physics and astronomy context in the curricu-
lum at this level stands out; however, this corresponds to only one case. On the other hand,
the student’s mathematics text shows a clear tendency towards the context of observation
and interpretation from surveys, present in 48.59% (86) of the tasks, as opposed to contexts
such as economics and physics and astronomy, which were not possible to observe in this
text, but this is compensated in the student’s history text in which 58.22% (14) of the cases
correspond to the context of economics. The mathematics curriculum for its part promotes
tasks linked to contexts related to observation and interpretation based on surveys in 58.33%
(14), followed by data and chance with 29.17% (7); at the other extreme are the formal and
intramathematical contexts, which were not possible to observe in this document.

Presence of Contexts by Educational Level

Similarly, the distribution of contexts observed for Grade 10 tends to be replicated
at the other levels analysed. It is possible to comment that at a general level, the most
used contexts in the mathematics text and curriculum are observation and interpretation from
surveys, with 44.52% (370), and games of chance, with 25.27% (210). The rest of the contexts
had a presence of less than 10%, the least used contexts being Economics with 1.32% (11),
Formal with 1.08% (9), and Physics and Astronomy with 0.12% (1), as can be seen in Figure 19.
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Grade
Document 7th 8th 9th 10th

Math Text

Study

| s
program " ] ‘é ' .: “

History Text .. “

Context

B Censuses and Registries I Games of Chance M No context

M Economy B Intrathematic [ Observation and interpretation from survey
M Formal | Natural and Biological Sciences I Physics and Astronomy

Figure 19. Presence of variable types (Source: Prepared by the authors).

Again, history texts emerge as an interesting alternative in the diversification of
contexts, because it was possible to observe tasks linked to economics and censuses and
records with a national stamp. For example, in Figure 20, we observe a task in which a
historical context of Chile is presented linked to the change in fiscal spending in sectors such
as education, health, defence and public administration, which could be more attractive
to students.
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Resource 24 (iconographic source): In response to the changes in the state's
role, in 1973, for the first time, a regulatory plan for the centre of Santiago
was implemented. This project was associated with an employment plan that
sought to provide income to the population unemployed by the 1929 crisis and
included the construction of a civic neighborhood around La Moneda, as
shown in the following image.

The following graph shows the increase in
fiscal spending in different sectors of the
administration.

Recurso 23 (fuente estadistica) Snonres 34 (Rasias tosogdiion) *

El siguiente grafico muestra el aumento del gasto fiscal en Andlendo s
distintos sectores de la administracion

n el rol del Estado, en 1937 se aplic, por primera vez, un plan regulador del centro de Santiago. Este

Gasto fiscal por sector
140000
120000

100.000 /’“‘"_‘
80.000 ~

60.000 /

40000

20000 .—_______.,___-4-—"‘""
0

1932 1934 1936 1938
—— Salud —— EdUCACION
—— Delersa Administracion pibiica

Loders, Ry W G. La reg

Actividades Considering the information presented in the

1. Considerando la informacién expuesta en los Resources 22, .23 and 24, how are rhey .
Recursos 22, 23 y 24, ;como se demuestranen ® demonstrated in each of them the changes in
cada uno de ellos los cambios del rol de} Estado du- the role of the State during the first part of the
rante la primera parte del siglo XX? 20th century?

Figure 20. Presence of types of variable types (Adapted from [35] p. 95).

5. Final Reflections

The present study has shown that, regarding the types of variables, there is a clear
tendency to use discrete-type variables. It was also possible to observe that the definitions of
the concept of variable, their classifications, and differences are barely present in textbooks.
These results could imply an exacerbation of students’ issues, such as those mentioned by
Arteaga, Batanero, Contreras and Cafadas [42], from which we can highlight problems in
differentiating continuous from discrete variables, the erroneous selection of graphs, poor
elaboration of intervals, mixing of values or statistics from different variables in a single
graph, and not understanding that each distribution is associated with a single variable.
These errors are also consistent with those described by Wu [43] in students and by Bruno
and Espinel [44] in prospective teachers. Another difficulty that the lack of attention to the
types of variables and their relationships might cause is that related to the identification
of independent and dependent variables in linear regression, as observed by Teran and
Ciminari [45], where the most significant error made by the students in solving simple
linear regression problems was the interchange of the variables X and Y.

In relation to the meanings, there is a tendency in the Chilean mathematics curriculum
for secondary education (7th to 10th Grade) to promote the meaning M1, random variable
as a variable of interest, at all the educational levels reviewed. These findings are linked
to the conclusions obtained by Andrade, Fernandez and Méndez-Reina [46], where the
interpretation of frequency as a variable of interest by students is a fact that is regularly
detected by teachers. Although the authors propose that this could be used as a first
approach to the idea of distribution, the presence of this type of task in more than 50%
of the cases analysed, both in the curriculum and in the textbooks, could imply that this
first approach could be overextended, perhaps limiting the elaboration of more robust
observations and conclusions by students; this could hinder the development of other
meanings of the random variable. Examples of these limitations are presented in the work
of Andrade, Fernandez and Méndez-Reina [46], in which students focus on the individual
behaviour of the data and not on the collective behaviour of the data, focusing on a value or

les of the variable. According to Bakker and Gravemeijer [47], this perception
" A"

www.manharaa.com



Mathematics 2021, 9, 2435

23 of 26

is more related to working with frequency distributions, whereas dealing with data as a
whole or aggregate is closer to dealing with probability distributions with their models. We
consider that promoting tasks linked to the meanings M3, random variable as a statistical
variable, and M4 as a function, could help students to visualise the random variable in a
more holistic and integral way, making the step from the analysis of isolated data to the
behaviour of distributions. In addition, it seems relevant to us to work in studies to include
tasks linked to the meaning M2, random variable as a magnitude, which is linked to the
work with the theory of error and measurements whose use would also enhance the use of
continuous type variables that are currently worked on to a lesser extent in the curriculum
as discussed in these conclusions, and more specifically in Section 4.1.1. Another aspect
that seems relevant to study in future research is the representativeness of meanings for
11th and 12th grade levels that were not included in this study, for which we would expect
a greater presence of meanings M3, as statistical variables, and M4, as a function.

The results regarding the types of representations show a tendency towards verbal
representation both initially and emergently. Although it was expected that student re-
sponses would be mostly verbal in a subject that expects students to draw conclusions
and interpret data, the low presence of other types of representations such as graphical
or tabular in the initial or transitory moment is a worrying aspect since not diversifying
the types of representations and the transitions between them, limits the development
of statistical reasoning [40], as well as amplifies difficulties such as those raised by Gea,
Batanero, Artega and Estepa [12], where future teachers only consider as representation
tasks those in which the student is asked to make or interpret a graph, not visualising
the diversity of representations of the same object. Our results also coincide with those
of Pallauta and Gea [48], who already pointed out that tabular representations were not
receiving due attention in curriculum and textbooks, of which the presence was practically
non-existent, and the same could be seen in Brazil, according to Giordano [49]. As we could
observe and as we have commented in these same conclusions, there are representations
that are not enhanced and could promote better reasoning and approximation on the
notions on the part of the students, for example, those of graphical type. That is the reason
why further investigation is necessary to promote teachers’ analyses of tasks, in which
aspects such as the types of representations that they enhance in their classes or how to
identify tasks that request greater transit between representations could be explored. These
aspects could help teachers to identify the appropriate information to be delivered, so they
can effectively exploit the potential of the work with a given representation and avoid the
misuses of them such as the ones discussed in Section 4.2.1, in which the inappropriate use
of labels could negatively affect the work with a graphic by hindering its richness.

Finally, after analysing the mathematics and history textbooks and curriculum in
terms of contexts, it can be observed that the history textbooks are more diverse and linked
to topics relevant to the students’ lives, such as the history of their country, global economy
and demographics, whereas the mathematics textbooks continue to work mainly with
contexts related to games of chance and the interpretation of surveys. Furthermore, the
use of the random variable presented in history textbooks was also much richer and more
comprehensive in terms of the types of representations, including mixing and enhancing
inferences. Little evidence of this had already been commented on by Giordano [50], who
highlighted the presence of tabular representations in textbooks in other disciplines, such as
geography. This leads us to wonder how other subject areas could contribute to providing
rich contexts for students to use the random variable in meaningful and understandable
ways, because, as noted in the analysis from 7th to 10th Grade, work with the random
variable was much richer in the history textbook than in the mathematics textbook. This is
an issue that is not conclusive in our study, but that should be investigated through future
research to reflect on how the relationship between the random variable and other subject
areas could contribute to the study of the random variable, and how we can work in an
interdisciplinary way within the school to better promote the understanding of the study
of themotions of the random variable.
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